Competence in many domains rests on children developing conceptual and procedural knowledge, as well as procedural flexibility. However, research on the developmental relations between these different types of knowledge has yielded unclear results, in part because little attention has been paid to the validity of the measures or to the effects of prior knowledge on the relations. To overcome these problems, we modeled the three constructs in the domain of equation solving as latent factors and tested (a) whether the predictive relations between conceptual and procedural knowledge were bidirectional, (b) whether these interrelations were moderated by prior knowledge, and (c) how both constructs contributed to procedural flexibility. We analyzed data from 2 measurement points each from two samples (Ns ϭ 228 and 304) of middle school students who differed in prior knowledge. Conceptual and procedural knowledge had stable bidirectional relations that were not moderated by prior knowledge. Both kinds of knowledge contributed independently to procedural flexibility. The results demonstrate how changes in complex knowledge structures contribute to competence development.
The causal relations may be bidirectional, with increases in conceptual knowledge leading to subsequent increases in procedural knowledge and vice versa (Canobi & Bethune, 2008; Rittle-Johnson & Alibali, 1999) .
Unfortunately, after decades of research, it is still not clear which of the four viewpoints on the longitudinal relations between conceptual and procedural knowledge is adequate. Low validity of the measures is one likely source of this problem (Schneider & Stern, 2010) . Schneider and Stern used four measures of each kind of knowledge at three time points in a longitudinal design. Depending on which pair of measures they used for their analyses, the results supported the concepts-first view, the procedures-first view, the iterative model, or the inactivation view.
Further, if the four manifest measures for a particular knowledge type assessed the same kind of knowledge with high validity, they should be strongly related to a commonly underlying latent factor. This was not the case empirically. For each kind of knowledge and each measurement point, the latent factor explained less than 50% of the pooled variance of its indicators. More than half of the variance of each measure did not validly indicate conceptual or procedural knowledge but instead reflected unsystematic measurement error or task-specific competencies (e.g., verbal abilities on an explanation task or knowledge about diagrams in a diagram task). Schneider and Stern suggested that subsequent studies should pay greater attention to questions of measurement and that latent variable analyses are a useful tool for this. Therefore, a main goal of the current study was to investigate the predictive relations between conceptual and procedural knowledge by means of latent variable analyses. We expected our results to be in line with earlier studies that supported the assumption of bidirectional relations between the two kinds of knowledge over time (e.g., Canobi & Bethune, 2008; Rittle-Johnson & Alibali, 1999; Rittle-Johnson et al., 2001) . Two further aims of our study were to test whether prior knowledge moderated the relations between conceptual and procedural knowledge and how both kinds of knowledge contributed to procedural flexibility.
Possible Moderating Influences of Prior Knowledge
The iterative model and the three competing viewpoints are all based on the assumption that the longitudinal relations between conceptual and procedural knowledge are always the same and, thus, stable over different situations. This could, for example, be the case if the relations between kinds of knowledge are determined by the stable architecture of the human information processing system (e.g., Anderson et al., 2004; Karmiloff-Smith, 1992; Sun, Merrill, & Peterson, 2001) . This assumption has never been tested empirically, so the second goal of this study was to evaluate whether these interrelations between conceptual and procedural knowledge were moderated by prior knowledge.
Empirical results indicate that there is variability in the longitudinal relations between conceptual and procedural knowledge. In a review of the mathematics learning literature, Rittle-Johnson and found that the relations differed between domains, studies, and even participants within studies. This may explain why the four conflicting theoretical viewpoints have coexisted for many years: Each viewpoint is supported by some empirical studies but countered by others. In this study, we analyzed a possible source of this heterogeneity-a moderating effect of prior knowl-edge on the assessments and the predictive relations between kinds of knowledge. Differences in prior knowledge are among the strongest sources of individual differences in learning processes (Ackerman & Cianciolo, 2000; Smith, diSessa, & Roschelle, 1994) .
First consider children with little prior knowledge of the target content. Karmiloff-Smith (1992) analyzed knowledge acquisition processes in young children, who had little prior knowledge in their fields of learning. She concluded that, most likely, procedural knowledge developmentally precedes and facilitates a later conceptual understanding in many domains, because children first need to explore a domain on a practical level. For example, children typically learn counting procedures before they understand most of the underlying concepts (e.g., Frye, Braisby, Lowe, Maroudas, & Nicholls, 1989; LeFevre et al., 2006) . Subsequently, they abstract the underlying concepts from concrete impressions and procedures gained by exploring. This suggests that for learners with little prior knowledge, the influence of procedural knowledge on the subsequent acquisition of conceptual knowledge might be stronger than vice versa.
Next consider children who have some prior knowledge of the target content. Many studies have shown that existing conceptual knowledge about the target content is one of the most important determinants of subsequent learning processes, including the acquisition of new procedures (Hecht, Close, & Santisi, 2003; Schneider, Grabner, & Paetsch, 2009 ). Conceptual knowledge is general and abstract, and thus can be generalized to new problem types. By contrast, procedural knowledge is more tied to routine problems familiar from practice (Rittle-Johnson et al., 2001) . Therefore, when a learner needs to solve a problem he has never encountered before, prior conceptual knowledge should support the generation of new procedures (Gelman & Williams, 1998) . This suggests that for learners with some prior knowledge of the target content, conceptual knowledge might have a stronger influence on the subsequent acquisition of procedural knowledge than vice versa. From a methodological point of view, this would mean that prior knowledge is a moderator of the predictive relations between conceptual and procedural knowledge (cf. Baron & Kenny, 1986) .
The amount of prior knowledge a person has in a domain might not only moderate the predictive relations between conceptual and procedural knowledge, but also the validities of potential measures of the two kinds of knowledge. Researchers often assess individuals' procedural knowledge by routine tasks familiar from practice, because procedural knowledge is thought to be tied to these problems. On the other hand, conceptual knowledge is often measured by new problems, where people have to resort to their knowledge of domain concepts to construct new solution approaches (Bisanz & LeFevre, 1992; Gelman & Williams, 1998; Halford, 1993) . However, what is a routine problem and what is a new problem changes as a result of prior knowledge and experience (Schneider & Stern, 2010) . As a consequence, the same task might be a new problem that assesses conceptual knowledge for a person with little prior knowledge but a familiar problem that assesses procedural knowledge for a person with higher prior knowledge. This is especially a problem in pretest-posttest designs or longitudinal studies in which the same measure is used multiple times with the intention to assess one construct in the same way each time.
In the current study, we evaluated whether the interrelations of conceptual knowledge, procedural knowledge, and procedural flexibility were stable over two samples of students differing in their prior knowledge.
Relations to Procedural Flexibility
Conceptual and procedural knowledge are important sources of competence in a domain but certainly not the only sources. Another source of competence is procedural flexibility, where learners know multiple procedures and apply them adaptively to a range of situations (Baroody & Dowker, 2003; Rittle-Johnson & Star, 2007; Star & Seifert, 2006; Verschaffel, Luwel, Torbeyns, & Van Dooren, 2009 ). For example, expert mathematicians know and use more procedures than novices, even choosing to use different procedures when attempting identical problems on different occasions (Dowker, 1992) .
Procedural flexibility is typically assessed both as (a) ability to solve problems in more than one way (often with prompting) and (b) success in choosing the most appropriate procedure to solve a given problem on the basis of problem features and situational demands (see Verschaffel et al., 2009 , for a review). It is considered important because people who develop procedural flexibility are more likely to use or adapt existing procedures when faced with unfamiliar transfer problems and to have a greater understanding of domain concepts (e.g., Blöte et al., 2001; Hiebert & Wearne, 1996) . For example, knowledge of multiple procedures for multidigit arithmetic calculations was related to greater accuracy on transfer problems and greater conceptual knowledge of arithmetic (Carpenter, Franke, Jacobs, Fennema, & Empson, 1998) . Because of this, flexibility is discussed as an important component of mathematical proficiency in several recent mathematics education policy documents (Kilpatrick et al., 2001; U.S. Department of Education, 2008) .
Although flexibility is assessed independently of conceptual and procedural knowledge in research studies, it is a less familiar construct to the education community. In particular, it is unclear how flexibility should be situated within the conceptual/procedural knowledge framework. As noted earlier, flexibility is related to procedural knowledge (e.g., Star, 2005) and to conceptual knowledge (e.g., Baroody, Feil, & Johnson, 2007) . However, past research on flexibility has not included evidence for the validity of the measures nor evaluated whether development of flexibility is predicted by prior conceptual and/or procedural knowledge in the domain. Thus, our third goal was to provide much needed evidence for these two issues.
The Present Studies

Conceptual Knowledge, Procedural Knowledge, and Procedural Flexibility as Latent Variables
We had three research questions. First, can latent variable analyses replicate and validate earlier findings with manifest measures that indicate bidirectional, predictive relations between conceptual and procedural knowledge (Canobi & Bethune, 2008; Rittle-Johnson & Alibali, 1999; Rittle-Johnson et al., 2001) ? Second, are the predictive relations between conceptual and procedural knowledge the same in a sample with low prior knowledge and in a sample with higher prior knowledge? Third, how do conceptual and procedural knowledge each contribute to developing procedural flexibility, modeled as a latent variable?
To investigate these research questions, we analyzed data from two empirical investigations of the acquisition of conceptual knowledge, procedural knowledge, and procedural flexibility. Each study tested more than 200 middle school students' knowledge about linear equation solving before and after several lessons on the topic. The two samples differed in prior algebra instruction and, thus, in prior knowledge at the first measurement point. The students in Study 1 were tested near the beginning of the school year and had received very limited prior instruction on equation solving. The participants of Study 2 were tested toward the end of the school year and had participated in a prealgebra curriculum during that year, so that they already had some knowledge about the content of the study. In addition to differences in knowledge across studies, all students received instruction on the topic between the first and second measurement points, leading to knowledge increases from pretest to posttest.
In both studies, we modeled conceptual knowledge, procedural knowledge, and procedural flexibility as latent factors underlying our manifest (i.e., actually assessed) measures, as advocated for by Schneider and Stern (2010) . Manifest measures that are used to estimate a latent factor are also referred to as factor indicators in the literature. Compared with manifest measures, latent factors have the advantage that they only take on variance that is common to all of their indicators, and thus, the variance does not reflect random noise in the data. For this reason, a latent factor usually reflects a construct with a reliability that is greater than the reliability of any of the manifest measures used to estimate the factor (Bollen, 2002; Ullman, 2007) . Latent variable analyses allow for explicit tests about whether two latent factors, which could stand, for example, for two kinds of knowledge, are significantly different from each other. Latent variable analyses can also be used to test whether the relations between the manifest measures and the underlying latent factors change over time or groups of persons. The stability of factor loadings is referred to as factorial measurement invariance (Bollen, 2002; Vandenberg & Lance, 2000) and is desirable in many contexts because it aids the comparability of results across studies and across measurement points within studies. To our knowledge, our study is the first successful attempt to model the longitudinal relations between conceptual knowledge and procedural knowledge by means of latent variable analyses (cf. Schneider & Stern, 2010) .
Equation Solving
We investigated our research questions in the domain of linear equation solving. Because equation solving draws on multiple principles and allows for a variety of solution procedures, it is an ideal domain for studying issues of learning and transfer ( Van-Lehn, 1996) . It is also an important topic for students to learn; it is considered a basic skill by many (e.g., U.S. Department of Education, 2008) and is recommended as a curriculum focal point in middle-school mathematics by the National Council of Teachers of Mathematics (2006) .
Typically, conceptual knowledge measures for equation solving focus on understanding of equivalent expressions by asking students to decide and justify if two expressions or equations are 3 CONCEPTUAL AND PROCEDURAL KNOWLEDGE equivalent (e.g., Alibali, Knuth, Hattikudur, McNeil, & Stephens, 2007) . In contrast, procedural knowledge for equation solving is typically measured by asking students to solve algebraic equations. In the current study, we focused on multistep linear equations such as 3 ‫ء‬ (x ϩ 1) ϩ 6 ϭ 5 ‫ء‬ (x ϩ 1), as they require some of the longest procedures that students must implement by eighth grade and because they can be solved in multiple ways (cf. Rittle-Johnson & Star, 2007) . Finally, procedural flexibility is measured by asking students to solve problems in more than one way and to recognize and evaluate alternative solution procedures (Blöte et al., 2001; Rittle-Johnson & Star, 2007; Star & Rittle-Johnson, 2008) .
Study 1 Rationale
In Study 1, we investigated the relations between conceptual and procedural knowledge and procedural flexibility with students who had had very limited instruction about equation solving prior to the first measurement point. Between the first and the second measurement point, each student participated in one of three experimental lessons on multistep equation solving. All students studied worked examples of different procedures for solving equations, discussed the examples with a partner, and solved practice problems. The lessons differed in whether and what types of comparisons students were asked to make when studying the worked examples. The interventions were described and empirically compared by Rittle-Johnson, Star, and Durkin (2009) using the manifest measures. In Study 1, we controlled for differences between intervention groups and instead reanalyzed the data from with a focus on the use of latent variables, the quality of the measures, and the longitudinal relations between the different types of knowledge over time, none of which have been reported previously.
Method
Participants. Participants were drawn from 11 classrooms at a low-performing, urban middle school in Massachusetts. In these classes, 72% of the students were White, 9% African American, 9% Hispanic, and 9% Asian American. Teachers identified classes they felt were prepared to learn about multistep equation solving; nine of the classes were eighth-grade classes (five regular-and four honors-level classes) and two of the classes were seventhgrade classes (both honors level). Students were using the Connected Mathematics 2 Curriculum (Lappan, Fey, Fitzgerald, Friel, & Phillips, 2009 ). Most teachers reported only spending a few days on linear equation solving. In five of the classes, teachers reported briefly introducing some of their students to multistep equations but provided little opportunity to practice solving them.
All 239 students from these classes participated. Three students were excluded from the analyses because they were absent from two of the three intervention sessions or did not complete the pretest and the posttest. Eight additional students were excluded because they had been the third member of a triad during the intervention phase, and our analysis model only allowed for data from dyads of students (see later). All subsequent results are reported for the remaining 228 students. Among these students were 44 seventh-grade students and 184 eighth-grade students, and 130 were girls. The average age was 13.3 years (range 11.9 -15.7 years). The school used the Measures of Academic Progress (MAP) as a norm-referenced test to measure mathematics achievement and growth. Students' average score was in the 74th percentile, but there was great variability, with scores ranging from the 12th to the 99th percentile.
Materials.
Assessments. The measures assessed conceptual knowledge, procedural knowledge, and procedural flexibility, as reported in . Details of the assessment, including scoring criteria, are in the Appendix. We used the following three assessments. (a) There were 13 conceptual knowledge items designed to tap students' verbal and nonverbal knowledge of algebra concepts, such as maintaining equivalence and the meaning of variables. (b) The nine procedural knowledge items assessed students' ability to solve equations, with three familiar problems and six novel problems. Familiar problems had the same problem features (but not numbers) as problems presented during the intervention, whereas novel problems included a new problem feature. We also coded students' solution procedure on each item as using a correct algebraic procedure (i.e., included a simplified equation based on a valid transformation of the equation, such as distributing across the parentheses), an incorrect algebraic procedure (i.e., included a simplified equation based on an invalid transformation of the equation, such as distributing incorrectly), or an informal procedure such as guess-and-test. (c) The 20 flexibility knowledge items tapped students' knowledge of multiple procedures for solving equations and their ability to recognize and evaluate unfamiliar solution steps for accuracy and efficiency. The same assessments were administered at Times 1 and 2.
Two independent coders categorized the open responses across the assessment for 20% of the sample. Kappa scores ranged from .64 to 1.00, with a mean of .84. Discrepancies were discussed, and codes were altered when deemed appropriate by the primary coder.
Instruction packets. Students completed three 1-day lessons on multistep equations such as 3(x ϩ 5) ϭ 12, 4(y ϩ 2) ϩ 6(y ϩ 2) ϭ 20, and 7(n ϩ 5) ϭ 4(n ϩ 5) ϩ 9. For a majority of each lesson, students studied packets of worked examples and answered reflection questions about the examples with a partner. The worked examples illustrated two different solution methods and three different versions of the packets were created that varied in whether and how the worked examples were paired. Packets either presented (a) the same problem solved with two different procedures side by side (i.e., compare methods), (b) two different problems solved with the same procedure side-by-side (i.e., compare problems, or (c) a single problem solved with one procedure on each page (i.e., sequential). As reported in , for students who did not attempt to use algebra at pretest, comparing problems or sequential study of examples aided learning the most. For students who attempted algebra at pretest, comparing methods was most beneficial.
Procedure. The assessment was administered by a researcher in a group setting during one of students' regular mathematics classes (Time 1). Students were given 13 min to solve the equations in order to encourage use of efficient solution methods. They had about 30 min to finish the remainder of the assessment. For the next 3 days, students completed the three lessons. They were randomly paired with another student in their class for the partner work. In eight cases, triads were created instead of dyads because of an uneven number of students. On the fifth day, the students completed the assessment again (Time 2).
Statistical analyses. In order to have the required minimum number of two indicators for each latent factor, for each of the three constructs in our study (i.e., conceptual knowledge, procedural knowledge, and procedural flexibility), we split the respective items into two groups (cf. Little, Cunningham, Shahar, & Widaman, 2002) . We assigned items with odd item numbers to an Item Group A, items with even numbers to an Item Group B, and computed the sum score for each group. In the following, we refer to these sum scores as manifest or measured variables. When a latent factor stands alone, at least three indicators are needed for that factor to be identified. However, in more complex models where the factor is allowed to correlate with other constructs, two indicators for each factor are enough (Anderson & Gerbing, 1988, p. 415; Huizinga, Dolan, & van der Molen, 2006 , p. 2030 .
We specified the structural equation model (SEM) displayed in Figure 1 . For each kind of knowledge and each measurement point, the respective Manifest Measures A and B served as indicators of a latent variable reflecting the amount of knowledge. At both measurement points, all latent factors could intercorrelate. At Time 2, also the residuals of the latent factors were allowed to intercorrelate. Procedural flexibility was modeled only for Time 2, because students typically exhibit little or no flexibility prior to experience solving problems in a domain (cf. Torbeyns, Verschaffel, & Ghesquiére, 2005) , and in accordance with this, performance was near floor on most of our flexibility items at Time 1. Finally, we specified regression paths from all factors at Time 1 to all factors at Time 2, thus, creating a cross-lagged panel model (Burkholder & Harlow, 2003) .
In our model, the factor loadings indicate the reliability of our measures. The lower the error variance of each manifest measure, the greater is the measures' loading on the underlying latent factor, which stands for the assessed construct (Ullman, 2007) . The correlations between the latent factors indicated the divergent validity of the respective assessments. The higher these correlations are the higher is the degree of overlap between the measures of the two constructs and the lower is their divergent validity (Eid & Diener, 2006) . Finally, the regression paths between the latent factors at Time 1 and Time 2 indicated the strength of the predictive relations between the constructs the factors stand for (Burkholder & Harlow, 2003) .
In the following, we refer to this model, which is depicted in Figure 1 , as our basic model. We derived a series of models from the basic model by introducing constraints on some of the model parameters, and we investigated how this affected the model fit to the empirical data.
The data were collected in different classrooms and for three treatment conditions within each classroom. If not accounted for, this multilevel structure of the data can lead to an underestimation of standard errors. We solved this problem by z standardizing each of our manifest measures separately for Time 1 and Time 2, first within each treatment condition and then within each classroom. Treatment condition and classroom were orthogonal to each other, because the students in each classroom were randomly assigned to the treatment conditions. Therefore, the two consecutive standardizations led to a data set with neither significant mean differences (all ps Ͼ .9, all 2 s Ͻ .002) nor significant variance differences (all ps Ͼ .7) between treatment conditions or classrooms, as confirmed by analyses of variance and Levene's tests carried out with each of our 10 manifest measures. Z-standardized measures have a mean of 0 and a variance of 1. Accordingly, the intraclass correlations were Ͻ .01 for all measures, because the standardization left no mean differences between classes or treatment groups.
The students learned in dyads during the intervention phase. Therefore, persons were not independent units of analysis in our study. If not accounted for, this dyadic structure of the data would lead to an underestimation of the standard errors and an overestimation of the statistical significances in our analyses. Two approaches are frequently used for modeling dyadic data: multilevel modeling and treating dyads as unit of analysis (Kenny, in press ). In the former approach, differences between persons within each dyad and differences between dyads are modeled simultaneously. Thus, multilevel regression models can include predictor variables on both levels, individual persons and dyads. A drawback of multilevel models are the large sample sizes needed to obtain valid results, in particular with complex structural equation models like the ones in our study (cf. Meuleman & Billiet, 2009) . Indeed, when we tried modeling the multilevel structure of our data, we ran into convergence problems. For this reason, we used the alternative approach and treated dyads as units of analysis (i.e., each line in our data set corresponded to one dyad), as recommended by Kenny, Kashy, and Cook (2006, p. 100) . This approach does not decompose overall effects into person-level effects and dyad-level effects and, thus, is statistically less demanding.
We treated dyads (n ϭ 114) as the unit of analysis, with each unit consisting of two persons with two (at Time 1) or three (at Time 2) latent factors, respectively (see also Newsom, 2002) . Thus, we specified all latent factors and paths displayed in Figure 1 twice, once for Person 1 and once for Person 2. For example, the model comprised two latent factors for conceptual knowledge at Time 1, one for Person 1 and one for Person 2 of the dyad. The model also comprised two correlations between conceptual and procedural knowledge at Time 1, one for Person 1 and one for Person 2.
It was arbitrary who was Person 1 and who was Person 2 of each dyad. We did not expect to find different model parameters for Persons 1 and Persons 2, because both belong to the same population. For example, there is no reason to expect that the correlation between conceptual and procedural knowledge would be different for all Persons 1 in the sample than for all Persons 2 in the sample. We, thus, constrained all factor loadings and paths coefficients to be equal for Person 1 and Person 2, which is why Figure 1 displays all relevant outcomes of our model. For further details on modeling dyadic data in SEM, see Kenny et al. (2006) .
We analyzed the covariance matrix of our measures in the program Mplus (Muthén & Muthén, 1998 -2007 by means of maximum-likelihood estimation. Missing data were handled by the full-information maximum likelihood (FIML) procedure implemented in Mplus. Data were missing because students were occasionally absent from class or did not finish the assessments in the available time, with data missing for only 6% of students. We assumed the data were missing at random, a requirement for the FIML procedure. We set the factor metrics by fixing the loading of the first indicator of each latent factor to one. Some of our measures did not follow a normal distribution (see Table 1 ). We accounted for this by bootstrapping the standard errors of our model parameters using 500 draws (cf. Nevitt & Hancock, 2001) .
Results
As expected, students were low in prior knowledge. At Time 1, their accuracy was only 24% on the conceptual knowledge items and 20% on the procedural knowledge items. On the procedural knowledge items, only 23% of students used a correct algebraic solution method to solve at least one equation, and correct algebraic methods were only used on 9% of items. Table 1 displays the solution rates together with Cronbach's alpha for each scale, the number of items on that scale, and the number of valid cases. Where the number of valid cases is smaller than the total sample size, students were absent from a data collection session or did not complete all tests. Cronbach's alphas range from .39 to .74. Although some are lower than is advisable for psychometric tests of homogeneous constructs, the obtained values are still acceptable in the context of this article because persons' knowledge in a domain usually has multiple facets (e.g., different procedures, different concepts). Students can know one facet without necessarily knowing all other facets (Schneider & Stern, 2009) . The low alpha coefficients indicate this partly fragmented nature of knowledge and conform to previous findings from similar analyses (Schneider & Stern, 2010) .
Before fitting the full model, we tested, separately for each measurement point and each pair of constructs (conceptual knowledge, procedural knowledge, and procedural flexibility), whether they were better fit by a two-factors model (with the two factors standing for the two constructs) than by a more parsimonious one-factor model (Research Question 2). The former case would indicate good divergent validities of our measures. In particular, evidence that all three con- Table 2 (Models 1a-1h). A comparative fit index (CFI) greater than .95, a root-mean-square error of approximation (RMSEA) less than .05, and a standardized root-mean-square residual (SRMR) less than .08 indicate a good absolute fit of a model. When two models are compared, the model with the smaller Akaike information criterion (AIC) or Bayesian information criterion (BIC) should be chosen. These information criteria combine the absolute fit of a model with a correction function penalizing for less parsimonious model assumptions. The model fit indices differ in their advantages and disadvantages. Thus, some indices can indicate a good fit of a model while others indicate a bad fit (Hu & Bentler, 1999; Ullman, 2007) .
At the first measurement point, the two-factors model (Model 1b) has a better fit than the one-factor model as indicated by all indices. At the second measurement point, the picture is more mixed. For each pair of constructs, some fit indices are better for the two-factors models (Models 1d, 1f, and 1h), and other fit indices are better for the one-factor models (Models 1c, 1e, and 1g). In particular, the AIC is lower for the two-factors models, and the BIC is lower for the one-factor models. Thus, the divergent validities of our measures are low. We modeled the constructs by separate latent factors in the subsequent longitudinal analyses in spite of this for three reasons. First, conceptual knowledge and procedural knowledge are clearly distinct at Time 1. Second, the distinction of conceptual knowledge, procedural knowledge, and procedural flexibility is of a high theoretical importance and cannot be investigated empirically when the constructs are not modeled as separate factors. Third, as expected and as we show empirically in a later section, conceptual knowledge and procedural knowledge influence each other over time. Therefore, the very close relation of the latent factors at Time 2 is in line with our theory.
In a next step, we estimated the fit of three different versions of our basic model to investigate the longitudinal relations between the different types of knowledge (see Method section). Their fits are displayed in the lower part of Table 2 . Model 1i was the basic model itself. In Model 1j, we constrained the factor loadings to be equal at Time 1 and Time 2 (i.e., we assumed weak factorial measurement invariance; Research Question 3). Model 1j is more parsimonious than Model 1i, because a smaller number of parameters (i.e., in this case, different factor loadings) have to be estimated. We derived Model 1k from Model 1j by restraining the predictive relations from conceptual knowledge at Time 1 to procedural knowledge at Time 2 and from procedural knowledge at Time 1 to conceptual knowledge at Time 2 to be equally strong. All three models have good CFI, RMSEA, and SRMR coefficients. In addition, Model 1k has the lowest AIC (together with Model 1j) and the lowest BIC and is more parsimonious than the other two models. In structural equation modeling, when alternative models have about the same fit, one chooses the most parsimonious of the models, because it is more simple and, thus, more economical than its competitors (Ullman, 2007) . Therefore, Model 1k, with invariant factor loadings and equally strong relations between conceptual and procedural knowledge, describes the relations between the variables obtained in Study 1 best.
The coefficients of Model 1k are displayed in Figure 1 . All factor loadings were greater than .5 and were significant with ps Ͻ .01, demonstrating acceptable reliabilities of our measures. The factor loadings were constrained to be equal at Time 1 and Time 2, but they could vary slightly among the four cases due to technical details of their standardization in Mplus (i.e., only unstandardized coefficients can be constrained, but we report standardized coefficients). The factor intercorrelations are low at Time 1 and very high at Time 2, indicating an increasing overlap and a decreasing divergent validity of the measures of the three kinds of knowledge. The bidirectional predictive relations between conceptual and procedural knowledge (Research Question 1) had standardized regressions coefficients of about .3, were significantly greater than 0, and were in the same range as the findings reported by Rittle-Johnson et al. (2001) . Both conceptual and procedural knowledge at Time 1 contributed significantly to procedural flex- 
Discussion
In all, the findings from Study 1 indicate that conceptual knowledge, procedural knowledge, and procedural flexibility were assessed reliably and at least partly independently of each other. At Time 1, the two-factors model clearly had a better fit than the one-factor model. However, at Time 2, some fit indices were better for the two-factors models while others were better for the onefactor models. This supports the notion that conceptual and procedural knowledge can sometimes partly overlap and are hard to measure independently of each other (Schneider & Stern, 2010) . It should be noted, though, that this problem seems large or negligibly small depending on the measurement point.
The three longitudinal models that modeled conceptual knowledge, procedural knowledge, and procedural flexibility as three separate entities had excellent fits to the data and suggest that in the overall context of a longitudinal study, these three constructs can, indeed, be modeled as interrelated but separate latent factors. The relatively high factor loadings that changed only modestly across measurement points demonstrate that our constructs were assessed with acceptable reliabilities. The comparison of the three alternative longitudinal models demonstrated the adequacy of the iterative model, which assumes bidirectional predictive relations. In addition, conceptual and procedural knowledge at Time 1 each predicted students' procedural flexibility at Time 2, supporting the importance of both types of knowledge for gaining flexibility.
Study 2 Rationale
In Study 1, students had received limited instruction in algebra and very little instruction on equation solving. In Study 2, we investigated whether the relations among conceptual knowledge, procedural knowledge, and procedural flexibility were different when students had already received classroom instruction on equation solving and thus had greater domain knowledge. The method and analyses were almost exactly the same as in Study 1. The data from Study 2 have not been analyzed and published before.
Method
Participants and procedure. Participants were drawn from two urban public middle schools from the same school district; we had worked with one of the schools in Study 1, but during a different school year. The students were diverse, in terms of ethnicity (55% White, 20% Hispanic, 15% Asian, 9% African American, and 1% Native American), language spoken at home (35% spoke a language other than English at home), and socioeconomic background (55% received free-or reduced-price lunch). The head of the math department at each school identified 2 seventh-grade advanced-level classes, 10 eighth-grade advancedlevel classes, and 2 eighth-grade regular-level classes they felt were prepared for solving multistep equations. Teachers used a mixture of the Connected Mathematics 2 curriculum and algebra I textbooks. Most teachers reported spending a few months on linear equation solving, all reported discussing and practicing multistep equations, and a majority (8/14) reported working on linear equation solving again within a month of the study.
All 325 students from these classes participated. Fourteen students were excluded from analyses because they were absent for both assessments or for two of the three intervention sessions. Seven additional students were excluded because they were the third member of a triad during the intervention. Of the remaining 304 students, 245 were in advanced mathematics classes, 154 were girls, and the average age was 14.0 years (range 12.0 -16.3 years). On average, they scored in the 64th percentile on a standardized math assessment, but there was a wide range (from 9th to the 99th percentile).
The procedure and analyses were identical to Study 1. We analyzed data from 157 dyads (i.e., 147 dyads with two members and 10 dyads with only one member, due to the exclusion of some participants from the analyses as described earlier).
Materials. The assessment was the same as the one used in Study 1 except that two equations on the procedural flexibility assessment were modified without changing the nature of these tasks.
Interrater reliability on open-response items for 20% of the sample, measured by kappa, ranged from .62 to 1.00, with a mean of .88.
The intervention packets were very similar to those used in Study 1, with three different conditions varying in how the worked examples were paired. Two of the conditions were the same as in Study 1 (compare methods and compare problems), and the third condition had students compare equivalent equations-for example, 3(x ϩ 1) ϭ 12 and 4(y ϩ 2) ϭ 16 -solved with the same procedure. In all packets, there were four fewer worked examples presented in each lesson than in Study 1. There was no main effect of condition in this study.
Results and Discussion
Differences between samples in Studies 1 and 2 at pretest. The defining difference between the samples was that students in Study 2 had received a significant amount of instruction related to the topic under study, while the sample in Study 1 had received very limited prior instruction on equation solving. We thus assumed that the students in Study 2 had more relevant prior knowledge than the students in Study 1. If this was the case, the students in Study 2 should have more conceptual and procedural knowledge for equation solving than the students in Study 1. We used tests for the differences on our measures as an implementation check, although our measures were not intended to capture the full range of algebra knowledge that students in Study 2 were expected to have.
As expected, students in Study 2 had greater prior knowledge at Time 1 than students in Study 1. Their accuracy was higher on the conceptual knowledge items (M ϭ 33%, SD ϭ 27, in Study 2 vs. M ϭ 25%, SD ϭ 20, in Study 1), Mann-Whitney U ϭ 25892, p ϭ .005, and on the procedural knowledge items (M ϭ 32%, SD ϭ 32, in Study 2 vs. M ϭ 19%, SD ϭ 20, in Study 1), Mann-Whitney U ϭ 25878, p Ͻ .001. The largest difference between the two samples was their use of algebra to solve equations on the procedural knowledge assessment. Students in Study 2 solved 45% of the equations using a correct algebraic procedure at pretest, whereas students in Study 1 only solved 9% of the equations using a correct algebraic procedure, Mann-Whitney U ϭ 17222, p Ͻ .001. This greater use of algebraic procedures in Study 2 was due in large part to many more of the students in this study using a correct algebraic procedure at least once: 61% vs. 22% of students, 2 (1) ϭ 75.148, p Ͻ .001. Most students in Study 2 had spent several months studying linear equation solving, and this added instructional time had the greatest impact on how students solved the equations.
Study 2 analyses. Table 3 shows the percentage correct, Cronbach's alpha, number of items, and number of valid cases for each manifest measure. Cronbach's alphas were relatively good. Percentage correct was higher at Time 2 than at Time 1, indicating that the students gained additional knowledge of equation solving by participating in the interventions between Time 1 and Time 2.
As in Study 1, we compared the fit of a two-factors model and the fit of a one-factor model for each pair of constructs and each measurement point (see the upper part of Table 4 ; Research Question 2). The two-factors models (Models 2b, 2d, 2f, and 2h) had excellent fits to the data based on all indices. In contrast, none of the one-factor models fit the data well. Both the AIC and BIC values indicated that the two-factors models were a better fit than the one-factor models, providing evidence for the divergent validity of the measures in Study 2.
In a second step of our analyses, we fit a series of longitudinal models to the data. These three models, Models 2i, 2j, and 2k, were the same as Models 1i, 1j, and 1k in Study 1. CFI, RMSEA, and SRMR indicated good fits of all three models. The values of AIC and BIC were best for Model 2k, which assumed invariant factor loadings and symmetrical longitudinal relations between conceptual and procedural knowledge.
The estimated coefficients of Model 2k are displayed in Figure  2 . All factor loadings were greater than or equal to .7, indicating good reliabilities of our measures. Conceptual knowledge, procedural knowledge, and procedural flexibility were intercorrelated with rs ϭ .6 at both measurement points, but could still be assessed with good divergent validities as established before by Models 2b, 2d, 2f, and 2h. The results indicate bidirectional relations between conceptual and procedural knowledge over time (Research Question 1), and these relations were equally strong in both directions. Conceptual and procedural knowledge at Time 1 also contributed to procedural flexibility at Time 2 (Research Question 3).
Comparison of the data from Study 1 and Study 2. In order to explicitly test whether relations in our structural equation models differed between the two studies, we combined the data sets from Study 1 and Study 2 into a single data set and fit a series of multigroup models (Muthén & Muthén, 1998 -2007 with the samples of the two studies being the two groups compared. Model coefficients were estimated independently for the two groups.
The fits of the three multigroup models are displayed in Table 5 . Model 3a has the same structure as the basic Models 1a and 2a. However, it was specified as a multigroup model. All parameters were allowed to vary between the two groups. Separately for each group, constant factor loadings over time and symmetrical predictive interrelations of conceptual and procedural knowledge were assumed, because this had been established by the previous analyses (Model 1k and Model 2k).
Model 3b was derived from Model 3a by additionally constraining the patterns of factors loadings to be equal for the two groups. Model 3c was derived from Model 3b by additionally specifying the predictive relations between conceptual and procedural knowledge to be equally strong in both samples. CFI, RMSEA, and SRMR indicate good fits of all three models to the data. AIC and BIC are best for Model 3c, which is most parsimonious. In this model, the standardized coefficients of the regression paths between conceptual knowledge and procedural knowledge at Time 1 and Time 2 all lie between .29 and .35.
In all, the predictive relations between conceptual and procedural knowledge were bidirectional (Research Question 1), equally strong in both directions, and constant across the two samples (Research Question 2). Conceptual and procedural knowledge both contributed to procedural flexibility (Research Question 3).
General Discussion
Longitudinal Relations Between Conceptual and Procedural Knowledge
The relations between conceptual and procedural knowledge during learning and development have been hotly debated for decades. However, many of these publications ignored the problem of measuring the two kinds of knowledge validly and partly independently of each other. In the current studies, we modeled conceptual and procedural knowledge as latent variables. This allowed us to better account for the indirect relation between overt behavior and the underlying knowledge structures than was possible in previous research. A cross-lagged panel design allowed us to directly test and compare the predictive relations from conceptual knowledge to procedural knowledge and vice versa. Our empirical results strongly support an iterative model, which poses bidirectional relations between the two kinds of knowledge over time. The predictive relations between conceptual and procedural knowledge from Time 1 to Time 2 were significant and lay in the range from .29 to .35 in the most comprehensive model (Model 3c). The relations were not only bidirectional but even symmetrical.
These findings are in line with a number of recent studies that have found indirect evidence for bidirectional relations between conceptual and procedural knowledge in various mathematical domains and by means of different methods. In particular, conceptual sequencing of practice problems supported improvements in 7-and 8-year-old children's procedural and conceptual knowledge about arithmetic (Canobi, 2009) , direct instruction on one type of knowledge led to improvements in the other type of knowledge in fourth and fifth graders' learning about equivalence problems (Rittle-Johnson & Alibali, 1999) , and iterating between lessons on concepts and procedures on decimals supported greater procedural knowledge than presenting concept lessons before procedure lessons in a sample of sixth graders (Rittle-Johnson & Koedinger, 2009) . In our study, we confirmed these findings using a more adequate method and extended the findings by looking at older student learning, a more complex topic with multistep procedures.
Overall, converging empirical evidence from different content areas, age groups, and research methods strongly supports an iterative model of the development of conceptual and procedural knowledge. Hence, instruction focusing on only one of the two kinds of knowledge is not desirable. Conceptual knowledge may help with the construction, selection, and appropriate execution of problem-solving procedures. At the same time, practice using procedures may help students develop and deepen understanding of concepts. Both kinds of knowledge are intertwined and can strengthen each other over time.
A Lack of Moderating Influences of Prior Knowledge
Students' prior knowledge did not moderate the predictive relations between conceptual and procedural knowledge. We compared two samples differing in their amount of instruction and, thus, in their amount of prior conceptual and procedural knowledge for equation solving. A multigroup structural equation model allowed us to analyze the data from the two samples simultaneously and to explicitly test for differences between the learning processes in the two groups. Despite the statistical power that comes with our sample of 532 participants, we found no evidence for a moderating effect of prior knowledge on the predictive relations between conceptual and procedural knowledge. Future research is needed to test for moderating effects for larger differences in prior knowledge or in other content domains.
One explanation for the coherence of these findings and for the lack of a moderating effect of prior knowledge is that the bidirectional relations between conceptual and procedural knowledge are a basic property of the architecture of the human information processing system. Unfortunately, so far, there is virtually no connection between studies of conceptual and procedural knowledge and studies of the architecture of cognition (e.g., Anderson et al., 2004) . Making these connections would be a breakthrough for future research on conceptual and procedural knowledge, because it would enable researchers not only to describe the relations Note. CFI ϭ comparative fit index; RMSEA ϭ root-mean-square error of approximation; SRMR ϭ standardized root-mean-square residual; AIC ϭ Akaike information criterion; BIC ϭ Bayesian information criterion. 10 SCHNEIDER, RITTLE-JOHNSON, AND STAR between the two kinds of knowledge but also to explain why their interrelations are the way they are in terms of the human information processing architecture.
Relations to Procedural Flexibility
We also investigated how conceptual and procedural knowledge contribute to procedural flexibility, that is, knowledge of how to solve problems flexibly and efficiently. Conceptual and procedural knowledge were both important for supporting procedural flexibility. In our two samples, conceptual and procedural knowledge at Time 1 both contributed individually to procedural flexibility at Time 2. Given the importance of procedural flexibility for mathematical proficiency, it is important to recognize the benefits of both types of prior knowledge. Flexibility does not seem to come from conceptual or procedural knowledge alone-children may gain flexibility by using both types of knowledge (Baroody & Dowker, 2003) .
The literature suggests several mechanisms by which conceptual or procedural knowledge can strengthen procedural flexibility. Conceptual knowledge can increase flexibility by guiding attention to important problem features and aid choice of the most appropriate procedures, adapting the choice to the specific problem and context at hand. At the same time, procedural flexibility rests on knowing more than one procedure. A sufficiently large repertoire of problem-solving procedures is necessary for flexibly adapting the behavior to the problem at hand (Siegler & Lemaire, 1997) . Background knowledge about the effectiveness, strengths, and weaknesses of each procedure helps people to flexibly choose the most adequate procedure in a situation (Star, 2005) . Our results suggest that these mechanisms are not mutually exclusive. Concepts and procedures can simultaneously strengthen procedural flexibility by a multitude of mechanisms. Instruction addressing conceptual or procedural knowledge may, thus, also be expected to have positive indirect effects on procedural flexibility. Note. CFI ϭ comparative fit index; RMSEA ϭ root-mean-square error of approximation; SRMR ϭ standardized root-mean-square residual; AIC ϭ Akaike information criterion; BIC ϭ Bayesian information criterion.
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CONCEPTUAL AND PROCEDURAL KNOWLEDGE
Measuring Conceptual and Procedural Knowledge
When new intelligence or personality tests are developed, researchers use a rigorous set of psychometric methods to evaluate the reliability and validity of the new test. In contrast, research on conceptual and procedural knowledge so far has not used this approach (Schneider & Stern, 2010 ). In the current study, a latent variable approach helped us to investigate several aspects of the divergent validity and the reliability of our measures. All of our measures had acceptable reliabilities, since their loadings on the latent factors standing for the different kinds of knowledge are all higher than .5 and are statistically significant (cf. Bollen, 2002) .
Conceptual knowledge, procedural knowledge, and procedural flexibility could be assessed partly independently of each other. In most cases, the relations between our measures were fit better or at least equally well by a factor for each construct than by a single latent factor underlying pairs of measures. In addition, the longitudinal models with a separate latent factor for each of our constructs had excellent fits to the data.
Latent variable analyses also allowed us to test whether our measures functioned the same at different measurement points and in samples differing in prior knowledge. The pattern of factor loadings was the same for both measurement points and both studies. The only aspects of the factor structure that changed over time and samples were the intercorrelations between conceptual and procedural knowledge that lay at r ϭ .3 for Time 1 in Study 1, where the participants' knowledge was lowest, and were greater .6 in all other cases. Since the assessment tasks and test instructions were always the same, the changing correlations likely indicate changes in the assessed knowledge structures. Some authors have suggested that a person with low expertise in a domain has fragmented knowledge and does not see how different pieces of knowledge in a domain, for examples, concepts and procedures, relate to each other. A higher expertise in a domain enables learners to integrate more and more pieces of knowledge into a coherent knowledge structure (Baroody & Dowker, 2003; Linn, 2006; Schneider & Stern, 2009 ). Our findings are in line with this interpretation. However, high correlations between latent factors assessing knowledge structures only indicate that these knowledge structures frequently appear together. This does not necessarily imply a high level of cognitive integration of the two knowledge structures. Further research with more explicit measures of knowledge integration or fragmentation is needed.
Overall, the structural equation models of the final models (see Figures 1 and 2) had excellent fits to the data. This is all the more remarkable as our data sets had quite complex structures. The data came from different samples, interventional groups, classrooms, dyads, and measurement points. We carefully choose the adequate modeling strategies to address each of these points. The excellent model fits indicate that this strategy was successful and that our models adequately reflect the relations between the assessed constructs in our samples.
Future studies will have to test whether our results generalize over different measures. As explained earlier, the choice of measures can sometimes influence the quality of the obtained results (Schneider & Stern, 2010) . For logistical reasons, we had only one type of measure for each kind of knowledge and could not control for these effects here. Future studies on knowledge acquisition in dyads should be conducted with larger sample sizes so that mul-tilevel modeling can be used to simultaneously investigate effects on the level of individual persons and effects on the dyad level.
In summary, we showed that latent variable modeling can be used to improve the reliability of measures of conceptual knowledge, procedural knowledge, and procedural flexibility. Our analyses yielded clear evidence for bidirectional and even symmetric predictive relations between conceptual and procedural knowledge. These relations were stable over two large samples differing in their prior knowledge. Conceptual and procedural knowledge at Time 1 independently predicted students' procedural flexibility at Time 2. These findings add to a growing body of evidence that conceptual and procedural knowledge develop in an iterative fashion and both support the development of procedural flexibility.
